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Abstract—Reconfigurable intelligent surfaces (RISs) and cell-free (CF)
massive multiple-input multiple-output (MIMO) are two promising tech-
nologies for realizing beyond-fifth generation (5G) networks. In this paper,
we study the uplink spectral efficiency (SE) of a practical spatially corre-
lated RISs-aided CF massive MIMO system over Rician fading channels.
Specifically, we derive the closed-form expression for characterizing the
uplink SE of the system, which shows that increasing the number of RIS
elements can improve the system performance. Moreover, the results unveil
that the spatial correlation of RIS has a significant impact on the system
while leading to the best performance gain at a half wavelength spacing.
Finally, the accuracy of our analytical results are verified by Monte-Carlo
simulations.

Index Terms—Reconfigurable intelligent surface, cell-free massive
MIMO, spatial correlation, spectral efficiency.

I. INTRODUCTION

Reconfigurable intelligent surface (RIS) has recently emerged as a
promising new paradigm to establish smart and reconfigurable wireless
channels/radio propagation environment for beyond-5G (B5G) wireless
communication systems [1], [2]. For instance, in [3], with massive
reflective and refractive elements, RIS can realize effective passive
beamforming by altering the phase of the reflected impinging signal.
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It has the advantages of easy deployment, low power, and low cost.
Meanwhile, cell-free (CF) massive MIMO is a network architecture
where a large number of access points (APs) are deployed in the
coverage to serve users. It is regarded as one of the most promising
technologies for B5G wireless communication [4]. In practice, CF
massive MIMO can support a large number of users and improve
the quality of communication by shortening the distances between
users and the base stations. More importantly, CF massive MIMO
can effectively exploit the spatial degrees of freedom which facilitates
interference management among users [5]–[8].

Recently, a number of studies have focused on how to jointly exploit
the advantages of RIS and cell-free massive MIMO to improve commu-
nication performance [9]. For example, some works have considered a
single RIS-aided system [10], [11]. It was shown that such a system can
greatly enhance the link quality and coverage, owing to the capability in
shaping favorable propagation and the dispersed distribution of RISs.
Also, in [12], the authors proposed a new channel estimation method
for RIS-aided CF communications, which can estimate all channels by
switching each element in turn. Besides, in [13], the authors deployed
RISs to assist CF massive MIMO and proposed an iterative algorithm to
address the system sum-rate optimization problem. However, none of
the aforementioned studies considered the impact of spatial correlation
of RIS on the system performance. Indeed, the size of a RIS element
is of subwavelength such that spatial correlations among RIS elements
naturally exist. Therefore, the spatial correlation channel model of RIS
represented by the sinc function was proposed in [14]. Specifically, the
authors showed that the characteristics of spatial correlation channels
can be manipulated by adjusting the spacing among RIS elements. Also,
in [15], the authors proposed an aggregated channel estimation method
and considered the performance of a CF system assisted by a single
spatial correlation RIS. However, the performance of the RIS-aided
cell-free massive MIMO system under spatially correlated channels
has not been fully studied, yet.

In this work, motivated by the above consideration, we investigate
the uplink performance of RISs-aided CF massive MIMO systems
under spatially correlated channels. More specifically, we propose the
minimum mean square error (MMSE) channel estimation scheme to
estimate the channels between user equipments (UEs), RISs, and APs
by switching elements in turn. Then, the closed-form expression for the
uplink spectral efficiency (SE) of the RISs-aided CF massive MIMO
systems is derived. The results show that increasing the number of
RISs or the number of elements of each RIS can improve the system
performance, especially when the direct links are blocked with a high
probability. Moreover, the spatial correlation of RIS has a significant
impact on RISs-aided CF massive MIMO systems while leading to the
best performance gain at a half wavelength spacing.

II. SYSTEM MODEL

As illustrated in Fig. 1, we consider a RISs-aided CF massive MIMO
system with M APs, K UEs, and Tr RISs. All APs and UEs are
equipped with a single-antenna and each RIS has L reflective elements.
To fully exploit the spatial characteristic of CF, we assume that each
deployed RIS is close to one AP. As such, through RIS beamforming,
it is guaranteed that the beam reflected from the RIS can be effectively
focused on the desired AP [10], [16]. In this scenario, the interference
caused by other RISs is weak enough to be ignored. As introduced
in [2], [3], we model the re-established RIS-AP and UE-RIS channels
by Rician fading. Besides, there is no direct path between UEs and APs
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Fig. 1. An RISs-aided CF massive MIMO system.

and the transmission environment needs to be enhanced through RIS
to realize efficient communication [17]. Note that we consider multiple
RISs and adopt the Rician fading channel models, which introduces a
generalized framework compared with [15]. The total cascaded uplink
channel between UEk ∈ {1, . . . ,K} and APm ∈ {1, . . . ,M} is given
by

gmtlk = gtlmejθtlgktl, (1)

where gtlm denotes the channel from element l ∈ {1, . . . , L} in RIS
t ∈ {1, . . . , Tr} to AP m whereas gktl is the channel from UE k to
element l of RIS t. We model the two channels as gtlm = ḡtlm + g̃tlm
and gktl = ḡktl + g̃ktl, respectively, where g̃tlm ∼ CN (0, βtlm) and
g̃ktl ∼ CN (0, βktl) are the corresponding NLoS components, while
ḡtlm and ḡktl are the corresponding LoS components. βtlm and βktl

denote the large-scale fading coefficients of element l of RIS t to AP
m and UE k, respectively. Moreover, θtl ∈ [0, 2π] is the phase shift
introduced by element l of RIS t. The cascaded uplink channel from
UE k to AP m through element l of RIS t is given as

gmtlk = gtlmejθtlgktl

= ḡtlmḡktle
jθtl︸ ︷︷ ︸

ḡmtlk

+(ḡtlmg̃ktl + g̃tlmḡktl + g̃tlmg̃ktl)e
jθtl︸ ︷︷ ︸

g̃mtlk

= ḡmtlk + g̃mtlk. (2)

Note that due to the assumption that the LoS component is known
as a priori and changes slowly across time, the information of ḡmtlk is
available, i.e., the first term of (2). The Rician κ-factor and the large-
scale fading coefficients vary depending on the locations of UEs and
APs. Moreover, the additional phase-shift ejϕmtlk exists on the LoS
component as ḡmtlke

jϕmtlk . We assume that the magnitude of RIS
phase shift in (1) is |ejθ|2 = 1 and θ = π/4 [15], [18]. Therefore, we
have

βmtlk = E
{
|g̃mtlk|2

}
= βktl|ḡtlm|2 + βtlm|ḡktl|2 + βtlmβktl,

(3)

where E{·} denotes the expectation of a random variable.
Considering the spatial correlation of RIS elements, with isotropic

scattering in the half-space in front of the RIS [14], the spatial correla-
tion matrix R of each RIS has elements [R]p,q = sinc(2‖dp,q‖/λ)
with p, q = 1, 2, . . . , L, where sinc(x) = sin(πx)/(πx). Variable
dp,q = up − uq represents the spacing between elements p and q,
and the wavelength is represented by λ. Furthermore, we have up =
[0, mod (p− 1, NH)dH, �(p− 1)/NH�dV]T , where NH and NV de-
note the number of elements per row and per column, respectively,

such that L = NH ×NV. | · | and ‖ · ‖ denote the absolute value and
Euclidean norm. mod(·, ·) is the modulus operation and �·� denotes
the truncated argument. dH and dV are the horizontal width and the
vertical height of each element, respectively. The superscripts (·)∗, (·)T ,
and (·)H denote the conjugate, transpose, and conjugate-transpose,
respectively.

A. Uplink Channel Estimation

We adopt the time-division duplex (TDD) transmission protocol,
where the uplink channels are estimated by each AP [19], [20]. With
the method developed in [12], in every subtime slot, element l on RIS
t is on, while the other elements are off. We denote τc as the length
of each coherence block and we adopt an orthogonal pilot sequence
τp to estimate the channel and τb = τc − τp is exploited for data
transmission. φk ∈ Cτp×1 denotes the pilot sequence of UE k and
satisfies ‖φk‖2 = τp. Let Pk denote the index subset of UEs which
adopts the same pilot sequence as UE k including itself. The received
signal yp

mtl ∈ Cτp×1 at AP m can be expressed as

yp
mtl =

K∑
k=1

√
p̂kgmtlkφk + np

mtl, (4)

where p̂k denotes the transmit power from UEk,np
mtl ∼ CN (0, σ2Iτp)

is the additive noise, and σ2 is the noise power. Then, AP m multiplies
the received signal by φH

k to obtain the estimated channel as

yp
mtlk = φH

k yp
mtl

=
√

p̂kτpgmtlk +
∑

u∈Pk\{k}

√
p̂uτpgmtlu + φH

k np
mtl. (5)

Based on (5), after all elements have been switched on and off in

turn, AP m obtains signal yp
mtk

Δ
= [yp

mt1k, y
p
mt2k, . . . , y

p
mtLk]

T . Since
the channel statistics ḡmtlk, βmtlk are known to AP m, we adopt the
MMSE channel estimation method, as reported in [15], [21], to estimate
the channel gmtk as

ĝmtk = ḡmtke
jϕmtk +

√
p̂kRmtkΛ

−1
mtk (y

p
mtk − ȳp

mtk) , (6)

where the channels ḡmtk
Δ
= [ḡmt1kρ, ḡmt2kρ, . . . , ḡmtLkρ]

T ,
the matrix Rmtk = diag(βmt1kρ, βmt2kρ, . . . , βmtLkρ),
the correlation coefficient ρ = tr(R2)/L, the di-
rect component part ȳp

mtk =
∑

u∈Pk

√
p̂uτpḡmtu, and

Λ−1
mtk =

∑
u∈Pk

√
p̂uτpRmtu + σ2I. tr(·) is the trace operator.

Note that yp
mtk and ȳp

mtk vary in each coherence block, so the channel
estimate ĝmtk and the estimation error g̃mtk = gmtk − ĝmtk

are independent random variables with [22]. The mean and
variance of ĝmtk are ḡmtk and p̂kτpΩmtk, respectively. Here,
Ωmtk = RmtkΛ

−1
mtkRmtk and the covariance matrix of g̃mtk can

be obtained as Cmtk = Rmtk − p̂kτpΩmtk. The mean-squared error
is MSE = E{|gmtk − ĝmtk|2} = Cmtk. Note that the aggregated
channel estimation method reduces the signaling overhead at the
expense of the complexity [15], while our method has a lower
complexity with the increased overhead.

Remark 1: Note that when we estimate the channel, the elements
switch on/off in turn, so there is no RIS elements correlation in (5).
While AP know the correlation matrix R, because it only depends on
the structure of RIS. On the other hand, since the positions of RISs and
APs are fixed, the channel of RIS-AP can be obtained accurately, which
can be well captured by some channel coefficients. Therefore, it is not
necessary to consider the correlation caused by the common channel
from AP n to RIS t.
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B. Uplink Data Transmission

In this subsection, we consider the uplink data transmission, where
all UEs send τb duration of uplink data to the APs in each coherence
block. In other words, each AP can receive the signal from all UEs.
Then, the received signal at AP m is given by

ym =

K∑
k=1

L∑
l=1

gmtlksk + nm, (7)

where sk ∼ CN (0, pk) is the uplink signal of UE k with power
pk = E{|sk|2} andnm ∼ CN (0, 1) is the noise at APm. APm utilizes
the combined channel estimates, vmtk =

∑L
l=1 ĝmtlk, to detect the

signal of UE k and the estimate of sk is derived by

s̃m,k = v∗mtkym

= v∗mtkgmtksk +
K∑

u=1,u 	=k

v∗mtkgmtusu + v∗mtknm. (8)

where gmtk =
∑L

l=1 gmtlk. We assume that there is a central process-
ing unit (CPU) that only receives s̃m,k from the APs for joint processing.
At the CPU, all APs signals can be written as

s̃k = vH
tkgtksk +

K∑
u=1,u 	=k

vH
tkgtusu + nk, (9)

where the combining vector vtk = [v1tk, v2tk, . . . , vMtk]
T ,

gtk = [g1tk, g2tk, . . . , gMtk]
T , and nk =

∑M
m=1 v

∗
mtknm.

III. SPECTRAL EFFICIENCY ANALYSIS

In this section, we investigate the uplink performance of RISs-aided
CF massive MIMO systems and explore the impact of correlation and
the number of RIS elements. Based on (9), the uplink ergodic achievable
rate of UE k is lower bounded using the use-and-then-forget (UatF)
bound as

SEk =
τb
τc

log2 (1 + γk) , (10)

where the uplink effective SINR γk of UE k is given as [22]

γk =
pk

∣∣E{
vH
tkgtk

}∣∣2

∑K
u=1 puE

{
|vH

tkgtu|2
}
− pk|E{vH

tkgtk}|2 + σ2E
{
‖vtk‖2

} .

(11)

The maximum-ratio (MR) combining has lower complexity than
MMSE and its closed-form structure facilitates performance analy-
sis [22]. In the following sections, we apply MR combining for vtk

to compute γk based on the MMSE channel estimator, which yields

E
{
vHmtkgmtk

}
= p̂kτptr(RmtkΛ

−1
mtkRmtk)+‖ḡmtk‖2

= p̂kτptr(Ωmtk) + ‖ḡmtk‖2. (12)

Based on (12), we have

E
{
vH
tkgtk

}
= p̂kτptr (Ξk)+tr

(
Ḡk

)
, (13)

where Ξk = diag(tr(Ω1tk), tr(Ω2tk), . . . , tr(ΩMtk)) and
Ḡk = diag(‖ḡ1tk‖2, ‖ḡ2tk‖2, . . . , ‖ḡMtk‖2). Then the term of
noise is given by

E
{
‖vtk‖2

}
= p̂kτptr (Ξk)+tr

(
Ḡk

)
. (14)

Note that the expectation of the estimation error g̃tk times ĝH
tk is zero,

so (13) and (14) are identical. Also, the first term of the denominator
can be expressed as

E
{∣∣vH

tkgtu

∣∣2
}
=

M∑
m=1

M∑
n=1

E
{(

vHmtkgmtu

)H (
vHntkgntu

)}
. (15)

We know that the channel estimates at different APs are in-
dependent. In the first case, for m 	= n and u /∈ Pk, we have
E{(vHmtkgmtu)

H
(vHntkgntu)} = 0, as vHntk and gntu both have zero

mean and they are statistically independent. When u ∈ Pk, it can be
divided into two cases: u = k and u 	= k. For the first subcase, we have

E
{∣∣vH

tkgtk

∣∣2
}
= p̂kτptr (ΣkΞk) + tr

(
ḠH

k Ḡk

)
+ tr

(
ΣkḠk

)
+ p̂2

kτ
2
ptr

(
ΞH

k Ξk

)
+ 3p̂kτptr

(
ḠkΞk

)
, (16)

where Σk = diag(tr(R1tk), tr(R2tk), . . . , tr(RMtk)). For the sec-
ond subcase, we have

E
{∣∣vH

tkgtu

∣∣2
}
= p̂kτptr (ΣuΞk) + tr

(
ḠH

k Ḡu

)
+ tr

(
ΣuḠk

)
+ p̂kτptr

(
ΞkḠu

)
+ p̂kp̂uτ

2
p|tr (ΣuΥkΣk)|2

+ 2
√

p̂kp̂uτpRe
{
tr (ΣuΥkΣk) ḡ

H
tuḡtk

}
,
(17)

where Υk = diag(Λ−1
1tk,Λ

−1
2tk, . . . ,Λ

−1
Mtk) and the vector

ḡH
tk = [ḡ1tk, ḡ2tk, . . . , ḡMtk]

T . Combining the above results and
substitute them into (13), γk is given in (18) shown at the bottom of
this page, where ζ

(1)
ku and ζ

(2)
ku are given by

ζ
(1)
ku = pkτptr (ΣuΞk) + pkτptr

(
ΞkḠu

)
+ tr

(
ΣuḠk

)
+ tr

(
ḠH

k Ḡu

)
, (19)

ζ
(2)
ku = pkpuτ

2
p|tr (ΣuΥkΣk)|2

+ 2
√
pkpuτpRe

{
tr (ΣuΥkΣk) ḡ

H
tuḡtk

}
, (20)

respectively, which denote the non-coherent interference and the co-
herent interference terms, respectively. We note that in (18), R exists
in the denominator Ξk. Due to the characteristics of the sinc function,
the correlations among RIS elements have a negative impact on SE.
Note that compared with [23], we introduce the RIS assistance and
considered the spatial correlation of RIS elements.

Proof: The proof is given in Appendix A. �

γk =
pk
∣
∣pkτptr (Ξk)+tr

(
Ḡk

)∣∣2

∑K
u=1 puζ

(1)
ku +

∑
u∈Pk\{k} puζ

(2)
ku − pktr

(
Ḡk

)2
+ σ2

(
pkτptr (Ξk) + tr

(
Ḡk

)) . (18)
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Fig. 2. Average SE against different number of RISsTr with different number
of UEs (K = [10, 20, 30], L = 4, dV = 1

2 λ).

IV. NUMERICAL RESULTS AND DISCUSSION

In this section, the derived SE expression of a RISs-aided CF massive
MIMO systems is validated and evaluated by simulation results. We
assume that the APs and the UEs are uniformly distributed in a 1 × 1
km2 square area. The pathloss is computed by the COST 321 Walfish-
Ikegami model for micro-cells in [15] with AP height 12.5 m and UE
height 1.5 m, then the pathloss is modeled as

βtk [dB] = −30.18 − 26log10

(
d

1m

)
+ Ftk, (21)

where d denotes the corresponding distance between AP,
UE, and RIS. The Rician κ-factor can be expressed as
κ = 101.3−0.003 d. We consider the correlated shadow fading as
in [24] with Ftk =

√
δfat +

√
1 − δf bk, where at ∼ N (0,δ2

sf )
and bk ∼ N (0,δ2

sf ) are independent random variables and δf is the
shadow fading parameter. The covariance functions at and bk are

given as E{atat′ } = 2
− dtt′

ddc and E{bkbk′ } = 2
− dkk′

ddc , where dtt′ and
dkk′ are the geographical distances between RIS t-RIS t′ and UE k-UE
k′, respectively, ddc is the decorrelation distance depending on the
environment. As the distance between RIS and AP is less than 10 m,
the pathloss is set as βmt[dB] = −81.2. Let δf = 0.5, ddc = 100 m,
and δsf = 8 in our paper. The large-scale coefficients are given by
ḡtk =

√
κtk/(κtk + 1)

√
βtk, βNLOS

tk = βtk/(κtk + 1) which can be
estimated by exploiting the distance information [14], [16].

In addition, the coefficients between each AP and the corresponding
RIS can be obtained in the same way. One RIS serves one AP, i.e.,
M = Tr . All the UEs transmit with power pk = 200 mW and the
receive noise power is σ2 = −94 dBm. Also, every coherence block
consists of τc = 200 samples and τp = 5 channel uses are reserved for
pilot transmission.

Fig. 2 shows the uplink average SE under random UE and AP-RIS
locations as the function of the number of RISs Tr for different UEs
K. Note that the simulation results and the closed-form solution do not
exactly match due to channel spatial correlation. It is clear that for a
fixed Tr , the average SE decreases with K increasing. When K is a
constant, the average SE increases with the increases ofTr . This reveals
that better communication performance can be achieved by increasing
the number of RISs in RISs-aided CF massive MIMO system as the
increasing number of RIS can effectively improve the communication
link strength between transceivers. Besides, the increases in Rician
factor enhance the strength of the LoS component and improve the
system performance.

Fig. 3 shows the impact on the uplink average SE of the RIS-aided CF
system versus different number of elements L in each RIS. The results
show that the system performance can be improved by increasing the

Fig. 3. Average SE against different number of APs M with different number
of RIS elements (L = [4, 9, 16], K = 10, dV = 1

2 λ).

Fig. 4. CDF of SE per UE for M = 50, K = 10, L = 64 with different dV .

number of RIS elements, due to the improved beamforming capability
of each RIS. On the other hand, when increasing the number of APs,
the system performance can also be enhanced. Indeed, the adopted de-
centralized control approach can avoid extremely poor communication
performance caused by long communication distance between a UE
and a AP.

Fig. 4 shows the CDF of the SEs under different spatial correlation
matrix R. When the spacing between two elements is dV = 1

2 λ, SE
achieves the best performance. Also, we observe that the SE decreases
as the physical size of each element of the RIS decreases. In fact,
changing the element spacing introduces a significant impact on the
correlation matrix R in the denominator of (21), which is related to
the characteristics of sinc function. The result provides an insightful
reference to design the physical structure of RIS.

V. CONCLUSION

In this paper, we investigated the uplink performance of the spatially
correlated RISs-aided CF massive MIMO systems over Rician fading
channel. We derived the closed-form expression for analyzing the
uplink SE of the considered system. We found that the SE performance
improves with the increase number of RISs or RIS elements. By
reasonably designing the inter-distance among RIS elements as at least
half wavelength, the deteriorating effect of spatial correlation is notably
reduced and hence improves the SE performance. In our future work,
we will study the system performance by considering more practical
scenarios such as the existence of the AP-UE direct link and the spatial
correlation of multi-antenna APs.

APPENDIX A
PROOF OF UL SE WITH MMSE ESTIMATOR

This appendix calculates the expected values in (16) and (17). For
m 	= n and k = u, we obtain
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E
{(

vHmtkgmtk

)H (
vHntkgntk

)}

=p̂2
kτ

2
ptr(Ωmtk)tr(Ωntk) +

∣∣ḡH
mtkḡntk

∣∣2

+ p̂kτptr(Ωmtk)‖ḡntk‖2 + p̂kτptr(Ωntk)‖ḡmtk‖2. (22)

Similarly form = n and k = u, we calculate the following equation
as

E
{∣∣ĝH

mtkg̃mtk

∣∣2
}
=
(
p̂kτptr (Ωmtk) + ‖ḡmtk‖2

)
Cmtk. (23)

To calculate E{|ĝmtk|4}, we rewrite the MMSE estimator in (6) as

ĝmtk = ḡmtk +
√

p̂kRmtkΛ
−1
mtk (y

p
mtk − ȳp

mtk)

=
√

p̂kτpRmtkΛ
−1/2
mtkw+ ḡmtk, (24)

where w ∼ CN (0, I). After that, we directly compute

E
{
|ĝmtk|4

}
= 2p̂2

kτ
2
ptr(Ωmtk)

2+3p̂kτptr (Ωmtk) ḡ
H
mtkḡmtk

+ (Rmtk −Cmtk) ḡ
H
mtkḡmtk +

∣∣ḡH
mtkḡmtk

∣∣2
.

(25)

Combining (23) and (25) arrives

E
{(

vHmtkgmtk

)H (
vHmtkgmtk

)}
=E

{
|ĝmtk|4

}
+E

{∣∣ĝH
mtkg̃mtlk

∣∣2
}

= p̂kτptr (RmtkΩmtk) + p̂2
kτ

2
ptr(Ωmtk)

2

+3p̂kτptr (Ωmtk) ḡ
H
mtkḡmtk +Rmtkḡ

H
mtkḡmtk+

∣∣ḡH
mtkḡmtk

∣∣2
.
(26)

Putting all the equations together for k = u, we can obtain (16). For
m = n and u ∈ Pk\{k} using the method in [22], we have

E
{∣∣ĝH

mtkg̃mtu

∣∣2
}
=
(
p̂kτptr (Ωmtk) + ‖ḡmtk‖2

)
Cmtu, (27)

E
{∣∣ĝH

mtkĝmtu

∣∣2
}
= 2p̂kτpR

2
mtkΛ

−1
mtk (Rmtu −Cmtu)

+ p̂kτptr
(
RmtkΛ

−1
mtkRmtk

)
ḡH
mtuḡmtu

+ (Rmtu −Cmtu) ḡ
H
mtkḡmtk +

∣∣ḡH
mtkḡmtu

∣∣2

+ 2
√

p̂kp̂uτpRmtkΛ
−1
mtkRmtuḡ

H
mtkḡmtu. (28)

Then, we obtain

E
{∣∣vHmtkgmtu

∣∣2
}
= E

{∣∣ĝH
mtkĝmtu

∣∣2
}
+E

{∣∣ĝH
mtkg̃mtu

∣∣2
}

= p̂kτptr (ΩmtkRmtu) + p̂kτptr (Ωmtk) ‖ḡmtu‖2

+ tr (Rmtu) ‖ḡmtk‖2 +
∣∣ḡH

mtkḡmtu

∣∣2

+

⎧⎨
⎩

p̂kp̂uτ
2
ptr (Ωmtk) tr (Ωmtu)

+2
√
p̂kp̂uτpRmtkΛ

−1
mtkRmtuḡ

H
mtkḡmtu, u ∈ Pk\{k}

0, u /∈ Pk.
(29)

Substituting the above results into (11) and the results for the UL SE
follow immediately.
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